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DYNAMIC BEHAVIOR OF AN ELASTIC BEAM ON A WINKLER FOUNDATION
UNDER A MOVING LOAD
Abdul Hayir, Associate Professor, Istanbul Technical University, Maslak 34469, Istanbul, TURKEY, ahayir@itu.edu.tr,
Tel: 90-212-2853708, fax: 90-212-2856587
ABSTRACT
The purpose of this study is to investigate the response of an elastic beam on a Winkler foundation under a moving load. The load
is assumed as a moving harmonic load and the beam is considered as an infinite Bernoulli-Euler beam with constant cross-section.
The approach of Winkler foundation for the elastic foundation is very common in the practical applications although it does not
accurately represent the continuous characteristic of the foundations. In this model the interaction between the vertical springs is
only considered. In the solutions of the problem, the double Fourier Transform is applied and for its invention Inverse Fast Fourier
Transform(IFFT) is used. In the numerical example, the effect of the moving load velocity on the dynamic displacement response
of the beam is discussed. The maximum deflections of the beam due to the moving load velocities are illustrated.
INTRODUCTION
The study of dynamic response of beam-type structures on
moving loads has drawn a lot of attention due to its wide
applications in the transportation industry. Distinguished
research has been conducted to examine the displacement
response of beam under moving loads(Kenney,1954;
Achenbach and Sun, 1965; Florence, 1965). A growing
interest on this topic also arises in railway and highway
industries in recent years because beam-type structures can be
used as simplified physical models of rail-track and
pavement(Mulcahy,1973; Huang, 1977; Saito and Teresawa,
1980; Jezequel, 1981; Hardy and Cebon, 1994; Sun and Deng,
1997). In the transportation industry, a beam resting on a
Winkler foundation can be used as structural models of railtracks or highway pavements(Elattary,1991; Lee, 1994; Pan
and Atluri, 1995).

subjected to moving loads with variable velocity have been
investigated by Dugush and Eisengerger(2002) by both the
modal and direct integration methods. Kocatürk and
Şimşek(2006) considered the vibration of elastic beams
subjected to an eccentric compressive force and a moving
harmonic force by adopting polynomials as trial function for
the deflection in the Lagrangian equations.
The objective of this paper is to study the dynamic response of
a beam subjected to a moving harmonic load. The
displacement response of the beam is obtained using Fourier
Transform and Inverse Fast Fourier Transform(IFFT).
PROBLEM FORMULATION
Mathematical model of the problem can be shown as in fig.1

The problem of a beam on a two-parameter elastic foundation
has been solved and obtained the solution using an infinite
polynomial
series(Eisenberger
and
Clastornik,1987).
Yokoyoma(1991) worked on the vibrations of a beam-column
on a two-parameter elastic foundation and used a finite
element procedure. An exact method for the vibration analysis
of beams resting on one-parameter and two-parameter elastic
foundation using the well-known power series solutions of
differential equations with variable coefficients were
presented by Esenberger(1994). Sun(2001) presented the
effect of material damping proposed by Foinquinos and
Roesset(1995) on dynamic displacement response of a flexible
beam resting on an elastic foundation subjected to a moving
load using Fourier transform and the theorem of residue. The
natural frequencies and mode shapes of Bernoulli –type
beams
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Fig.1.Mathematical Model of elastic infinite beam on a
Winkler foundation subjected to a moving load.
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The governing equation of an elastic beam on a Winkler
foundation under a moving load is given below:
∂ 4 y ( x, t )
∂x

4

+m

∂2y
= P ( x, t ) − Q ( x, t )
∂ t2

(1)

where y ( x, t ) is the displacement of the beam; x is the space
coordinate measured along the lenth of the beam in m; t is the
time is s; EI is the flexural rigidity of the beam in N m2; m is
the mass per unit length of the beam in kgm-1; P(x,t) is the
applied external load per unit length in N m-1; and Q(x,t) is the
resilience of the foundation, respectively. For the Winkler
model, Q(x,t) can be given as
Q ( x , t ) = k y ( x, t )

(2)

where k is the spring constant of the soil per unit beam length
in terms of (N/m2). Using Eq(2), (1) can be written as
EI

∂ 4 y ( x, t )
∂x

4

∂2y
+ m 2 + k y ( x , t ) = P ( x, t )
∂t

ei ξ ( x + v t )

∞

∫ (ξ

−∞

4

+ k − mω 2

)

dξ

using

(9)

inverse

Fast

Fourier

NUMERICAL RESULTS
Numerical computations are performed to illustrate dynamic
displacement response of elastic beam to a moving load. Due
to typical pavement structures(Kim and Roesset,1996), some
parameters used in calculation are EI=2.3 kN m2, k=68.9 MPa,
m=48.2 kg/m, P=10.5 N.
The results shown in Fig.2 have been compared to the results
obtained using complex analysis and proposed method, it is
found that they are identical. The results are almost the same.
1.2

(3)

When the external load P(x,t) is a concentrated load traveling
at a constant speed v, it can be expressed as
P ( x, t ) = Pδ ( x − vt )

P
2 π EI

Eq(9) can be solved
Transform(IFFT).

(4)

where δ is the Diract-delta function. The solution of the Eq(3)
using double Fourier Transform can be reduced an algebraic
equation:

x
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P=10.5 kN
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EI ξ 4 y% (ξ , ω ) + m ω 2 y% (ξ , ω ) + k y% (ξ , ω ) = P% (ξ , ω )

(5)
-1.0

where P% (ξ , ω ) and y% (ξ , ω ) are Fourier transforms of P(x,t)
and y(x,t), respectively. P% (ξ , ω ) can be given as

P% (ξ , ω ) =

∞ ∞

∫ ∫ P ( x, t ) e

− i (ξ x +ω t )

dx dt = 2π P δ (ω + v ξ )

(6)

−∞ −∞

Putting Eq(6) into Eq(5), the solution of the problem in
frequency domain can be expressed as
y% (ξ , ω ) =

2π P δ (ω + vξ )

(7)

EI ξ 4 + k − m ω 2

To obtain the displacement, it is vital to convert the frequency
domain solution back to the time domain. Therefore, taking
the inverse Fourier transform to both sides of Eq(7) results in
y ( x, t ) =

P
2 π EI

∞ ∞

∫ ∫ (ξ

−∞ −∞

δ (ω + vξ )
4

+ k − mω

2

)

e i (ξ x + ω t ) d ξ d ω

(8)

where k = k / EI and m = m / EI . By means of property of
Dirac-delta function, the integral representation of the solution
in time domain can be obtained as
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Fig.2 Dynamic deflections of a beam resting on Winkler
foundation for various load velocities.
Fig. 3 shows the dynamic response of the beam sitting on
Winkler foundation depending on the various velocities. It can
be concluded that the deflection of the beam is getting bigger
while the velocity increases. Dynamic deflections of the beam
have been calculated in fig.4 according to stiffness of the
foundation. The figure shows that the foundation of the beam
is soft, then responses of beam are big and fluctuated along xaxis. From fig.4, if the stiffness of the foundation is big
enough, then the responses become stable. Fig.5 illustrates
bending moment diagram of the beam for various load
velocities versus x-axis. It is shown from fig.5 that positive
maximum bending moment appears beneath the moving load.
It is about 0.38 kN/m. Far away from x=+0.75 m and -0.75 m,
the moments disappear. Negative maximum bending moment
are about -0.06 kN/m. When the velocity is 90 m/s, the
maximum and minimum values of the moments on the beam
occur. Fig.6 show the shear force diagram of the beam
resting on the Winkler foundation. Maximum value of the
shear force is about 5.6 kN under the dynamic load.
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Fig.3 Dynamic deflections of a beam resting on Winkler
foundation versus load velocities.
EI=2.3 kN m2
m=48.2 kg/m
P=10.5 kN
v=90 m/s
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Fig.4 Dynamic responses of the beam for various rigidity of
the foundation versus x-axis.
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Fig.6 Shear Force diagram of the beam resting on Winkler
foundation for various velocities versus x-axis
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In this study, The double Fourier transform and fast Fourier
transform techniques are used to solve the formulation of the
dynamic response of an infinite beam resting on a Winkler
foundation and subjected to a moving load. Due to the various
parameters such as the velocities of the moving load and the
stiffness of the foundation, Dynamic responses, bending
moment and shear force of the elastic beam are calculated and
compared. It is concluded that the velocities of moving load is
getting bigger, the response of the beam is becoming bigger.
Also, stiffness of the foundation have big influence on the
responses. Dynamic displacement response and bending
moment are symmetric with the location acted upon by the
moving load. Shear force is asymmetric with location acted
upon by the moving load. Maximum bending moment and
deflection occurs under the dynamic load. Maximum
deflection of the beam increases significantly with the
stiffness of the foundation when the foundation soft.
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